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Case Study 42       The Knapsack Problem

The Knapsack Problem

Problem Description

The knapsack problem is well known in operations research literature. This problem arises whenever there is a resource allocation problem with financial constraints. For example, given that you have a fixed budget, how do you select what things you should buy? Assume that everything has a cost and value. We seek assignments that provide the most value for a given budget. 

The term knapsack problem invokes the image of a backpacker who is constrained by a fixed-size knapsack and so must fill it only with the most useful items. The classical knapsack problem assumes that each item must be put entirely in the knapsack or not included at all. It is this 0/1 property that makes the knapsack problem difficult. Suppose the backpacker must choose among p different items. Each item i (i = 1,…,p) has a weight wi (in pounds) and a utility ui to the backpacker. The objective is to maximize the utility of the backpacker’s trip subject to the weight limitation that the backpacker can carry no more than W pounds. The following is an integer formulation of this problem.    
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The aim of this project is to build a decision support system that enables the user to solve the knapsack problem. We describe a simple dynamic programming algorithm to solve this problem. We do not give details about why this algorithm works. To learn more about the knapsack problem and the dynamic programming algorithm, we refer the students to Ahuja et al. (1993) and Winston (1994). 

Dynamic Programming Algorithm

Build a table that has dimensions p by W. The elements of this table d(i,j) present the maximum utility of the selected items if we restrict our selection to the items 1 through i and impose a weight restriction of j. Our objective is to determine d(p,W). 

We can determine d(p,W) by calculating d(i,j) for increasing values of i; and, for a fixed value of i, for increasing values of j. The following is the recursive relationship that we use for this purpose:
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When carrying out these computations, record the decision corresponding to each d(i,j) (i.e., whether xi = 0 or xi = 1). These decisions allow us to construct the solution for any d(i,j), including the desired solution for d(p,W).

Excel Spreadsheets

Build a spreadsheet that presents the weight (wi) and utility (ui) of item i for i = 1,…,p.

User Interface

1. Build a welcome form.

2. Build a data entry form. The following are suggestions to help you design this form. In this form insert two option buttons. These option buttons allow the user to select whether to read the data from a file or manually enter the data. Include a command button that, when clicked on, performs these actions: 
a. If the user chose to read the data from a file, a text box should appear where the user types in the name of the file.

b. If the user chose to enter the data manually, a text box appears where the user types in the total number of items (p). Upon submission of this information, a table appears. The table has dimensions p by 2. The user types in this table the weight and utility of each item i for i = 1,…,p.

3. Build a form that allows the user to understand the knapsack problem by looking at an example. This form includes the following:
a. A problem statement.

b. A problem formulation.

c. Present how the dynamic programming algorithm was implemented for solving this example.

d. The optimal objective function value and the corresponding optimal solution.

4. Build a form that allows the user to solve the problem and view the results. In this form include three frames. In the first frame include two option buttons and a command button. The option buttons allow the user to select a method to solve the problem. The two methods available are the dynamic programming algorithm and the Excel solver. When the command button is clicked on, the problem is solved using the method selected by the user. The second frame has a number of option buttons that allow the user to open any of the reports described below. The third frame, titled “Sensitivity Analysis,” has option buttons that enable the user to choose a parameter for the sensitivity analysis. The user is interested in testing the sensitivity of the optimal solution with respect to the size of the knapsack, the utility of items, etc.  

Design a logo for this project. Insert this logo in the forms created above. Pick a background color and a font color for the forms created. Include the following in the forms created: record navigation command buttons, record operations command buttons, and form operations command buttons as needed. 

Reports

1. Report the following results:

a. The optimal solution (xi for i = 1,…,p).

b. The optimal objective function value (utility).

2. Report the results from the sensitivity analysis.
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